Multiplication and Division
Understanding Multiplication

We CANNOT expect students to memorize multiplication facts if they do not understand what multiplication really is!  Time spent on developing the understanding of the concept of multiplication is time well spent.
Our plan is to look at multiplication 4 different ways:  equal sets, repeated addition, arrays, and rectangular area.

Containers and Cubes

Have a discussion with your student about number sentences (equations).  Discuss that a number sentence (equation) will have an equal sign with something on each side.  Practice writing number sentences such as: 

Bill has 3 apples in one basket and 2 apples in another basket.  How many apples does he have altogether?  
Discuss the two addition equations that can be made:  3 + 2 = 5 or 2 + 3 = 5

Give the student some small cups and unit cubes.  Pose a situation such as “Sally has 3 baskets and in each basket she has 2 apples.  How many apples does Sally have altogether?”  Tell the student that you would like for them to use the cups and cubes to model this problem.  (Watch to see how they determine the number of cubes – counting by ones, skip counting, etc.)  

“Can you make me up a number sentence (problem) that tells the story of what we did?”  Don’t be surprised when the student does not write either a repeated addition and/or a multiplication problem but writes something such as 5 + 1 = 6.  Don’t tell them the problem but do ask them to explain how the numbers in their problem tell the story.  If they do write a repeated addition sentence, emphasize how well that sentence fits the story and then show them a multiplication problem for the same story – do NOT emphasize that the number of groups must come first – we want them to realize that 2 x 3 and 3 x 2 are the same problem!  If they do not write a repeated addition problem, work with them using smaller numbers such as two baskets until they are comfortable writing repeated addition problems and then show them a multiplication problem.

Repeat with other examples until the student is comfortable writing both a repeated addition problem and a multiplication problem.  

Use a number cube (1-6) and a self-made die that has 2, 3, and 4 dots (two each) on the sides.  Have them to roll the number cube – that tells them how many cups they need - and the dot die – that tells them how many unit cubes to put in each cup.  On his/her white boards, have the student write as many number sentences as they can that tells the story (example: 4 cups with 3 cubes in each cup could be written as 3 + 3 + 3 + 3 = 12, 
3 x 4 = 12, and 4 x 3 = 12).  Ask the student to make up and tell you a story about their problem. 

After the student is comfortable using the cups and cubes for multiplication problems, have them use circles and stars to draw multiplication problems.

Array Model of Multiplication

Multiplication can also be represented as an array: 4 x 3 can be shown as 4 rows of 3 items or 3 rows of 4 items.  Some books will always have the first factor as the number of rows but it doesn’t matter because we want the student to recognize that the arrays are basically the same – just rotations of each other!  
Use base tens ones, two-color counters, one-inch tiles, etc. to show the array model of multiplication.

Pose problems such as the following and ask the student to build a model using an array.  Have them write as many number sentences as they can for each problem.
Mary plants 5 rows of trees.  She puts 4 trees in each row.  How many trees did she plant?
Jack picked 6 apples.  Jill picked 4 times as many apples as Jack.  How many apples did Jill Pick?
Bill walked for 4 hours at 3 miles per hour.  How far did he walk? 

There is a 10x10 array of circles (a large one and small laminated ones) in the training material.  Have the students build and record a model for several problems similar to the ones above.  
Also in the training material, there is a set of cards for the array model of each multiplication fact.  Each array is built on a 10x10 grid to help the students visualize the magnitude of each product – they need to be able to mentally “see” that 6 x 8 is larger than 2 x 3.  One activity that can be done with these cards is to turn over one of the cards and ask the student to give as many number sentences as they can for this card (repeated addition, row x column, and column x row). They can use their dry erase marker to write the multiplication problem on the front or the back of the card. 

These cards can be separated into smaller subsets and be used later when you are working with the student on certain multiplication facts such as the doubles, five, etc.  They can be used as flash cards by having the student write the multiplication problem(s) on the back and then turn it over if they need help finding the product.

Rectangular Area Model of Multiplication
 A version of the array model is the rectangular area model for multiplication.  Students need to build and draw rectangular models for multiplication problems.  One-inch colored tiles are included in the materials for building these rectangles.  There is also grid paper for the student to record the models of the problems. 
Both the area model and the array model of multiplication are great ways to illustrate the commutative (order) property of multiplication.  While 5 sets of 3 objects and 3 sets of 5 objects cannot immediately be seen to have the same results, a 5 by 3 rectangle and a 3 by 5 rectangle powerfully illustrate this property.
	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Activity 1:  
Give the student 12 one-inch tiles.  Ask them to build (and record on grid paper) a rectangle from the tiles.  Discuss the two multiplication problems that can be made.  Be sure to discuss the dimensions of the rectangle and how these dimensions are the factors for the multiplication problems.  Ask them to make as many different rectangles from the tiles as they can.  
Repeat for 18, 24, 30, and 36 tiles.
Activity 2:  
Repeat the activity listed above but for a set of numbers such as 1-15, or 10-25.  Group together all of the arrays for the same number of squares – this helps the student to compare.  Look for patterns such as: Which numbers have the least number of arrays?  Which numbers have a factor of 2?  Which numbers have an array that forms a square?  What can you say about the factors of all the even numbers?  Do even numbers always have two even factors?  What about odd numbers?
Multiplication Match

The multiplication match cards show five different representations for a multiplication problem: repeated addition, equal sets, circles and stars, an array of dots, and a rectangular area model.
One possible way to use the cards is:
· Lay out the 8 cards that have the multiplication problems so that each multiplication problem can be seen.  

· Shuffle the remaining cards and turn them face down in a pile between you.  

· Take turns turning over a card and matching it with the multiplication problem that it represents.  Ask the student to describe the problem and to give the product.  You may want to ask for another equivalent multiplication problem (3x5 is equivalent to 5x3 but the representation may look different ---- 5+5+5 instead of 3+3+3+3+3).
A second way is to give the students all of the cards except the ones with multiplication problems on them; ask them to sort the remaining cards into sets that belong together.  They may sort them into sets of all the repeated addition, all the circles and stars, etc.  That’s fine – just ask them to find another way of sorting them.  when they have them sorted, ask if they can write a multiplication problem that would fit or give them the multiplication problems and let them match those cards with their sorted sets.
Understanding Division

In a lot of traditional mathematics programs, multiplication and division are taught separate with multiplication taught first.  If this tradition is followed, a lot of children fail to see the connection between the two operations.  It is important to combine the two operations as soon as possible to help students see this connection.

Division can be thought of 4 different ways.  A divided by B can mean:



How many times can B be subtracted from A?
A divided into B equal groups.



A divided into equal groups of size B.


What number times B gives the product of A?

Look at the following problems:

A rope is 24 feet long.  How many 6 feet long jump ropes can be made?

Sally has 24 pieces of bubble gum.  She wants to share them equally among herself and five friends.  How many pieces of gum will each person get? 

Bill has 24 apples.  He wants to put them into bags containing 6 apples each.  How many bags will he need?

Mark has 24 baseball cards.  He has 6 times as many cards as Sally.  How many cards does Sally have?

Each of these problems can be represented by the problem 24 ÷ 6 but the wording of each problem demonstrates a different type of division problem.  Students need practice with all of these types of problems.
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Then we have the different symbolism for division:  24 ÷ 6,        , and 6  24   .

The last form would probably not exist if it were not for the standard paper-and-pencil procedure that utilizes it!  Students have trouble reading that problem because it must be read right-to-left rather than our normal left-to-right reading procedure.

More often than not, division will not produce a whole number quotient – for example:  problems that use 5 for the divisor will “come out even” only one time out of five.  So now we have to deal with remainders in our division problems.  A remainder can be dealt with several ways: it can remain a quantity left over, be partitioned into fractions, discarded leaving a smaller whole number answer, force the answer to the next larger whole number, or be rounded to the nearest whole number for an approximate result.

Think about the remainder in each of these problems:

Mason has 11 cookies and wants to share them with his sister Katie.  How many cookies should each person get?

A rope is 25 feet long.  How many 6 feet jump ropes can be made?

A van will hold 7 passengers.  How many vans will be needed to take 22 people to town?

5 students are sharing 32 pieces of bubble gum.  About how many pieces will each student get?

Students should not just think about remainders as in the standard notation of 

25 ÷ 4 = 6  R1.  By providing students with real world problems, it gives us the opportunity for remainders to be put into context and dealt with accordingly.

Introducing Division

Provide the student with unit cubes or other counters and several soufflé cups.  Have the student count out a number of counters, such as 12, to be the whole or total set.  Next tell them the number of sets to be made or the size of the sets to be made.  Examples “Separate your counters into 3 equal-sized groups,” or “Make as many sets of 3 as possible.”  Have them write the multiplication sentence(s) for their problem and then write the division problem.

Repeat for different numbers of counters as the whole.  Start with quantities that are multiples of the divisors but be sure to soon include situations that do not “come out even.”

Vary the activity by changing the model.  Have the student use one-inch tiles to build rectangles.  Tell them how many tiles should be in the rectangle and one of the dimensions (row or column) of the rectangle.  Have them to record their rectangles on grid paper, give the multiplication problem, and the corresponding division problem.

Using the Rectangular Area Cards

Label each rectangular area card with the multiplication problem on the grid side and the product on the blank side.  (You may also want to write one of the dimensions of the grid on the blank side.
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Game 1: 

1. Spread out all of the cards – some should show the multiplication problem and some should show the product.

2. Choose a card by placing a finger on it.  If the multiplication problem is showing, you must give the product.  If the product is showing, you must give the factors.

3. Turn the card over to check the answer.  If the answer is correct, you earn the card.

4. The player with the most cards wins.

Game 2: 


1. Deal out all the cards so that each player has the same number of cards – discard any leftovers.

2. Each player needs to stack his/her cards with the total side down in front of them.

3. At the same time, each player places his/her top card in the center of the table – with the multiplication problem showing.

4. Together the players decide which array has a larger total.  The player with the larger array wins both cards.
Multiplication and Division Facts
Doubles
The multiplication double facts are equivalent to the addition doubles.  The first activity that you might the students to do is to sort the Multiplication Doubles Cards.  Use these cards to play some of the games in the notebook – if an addition fact is turned over, you could ask the student to give the corresponding multiplication fact and vice versa.  There is also a Doubles Match page in the notebook where the student matches up the corresponding addition and multiplication problem.
Multiplying by Zero and One

Forty of the 121 multiplication facts have zero or one for at least one factor.  While these facts within themselves are “easy”, they are sometimes mixed up with the addition “rules” for adding zero and one.  The fact that 5 + 0 stays the same but 5 x 0 is always 0 and the fact that 1 + 5 is a one-more than idea and 1 x 5 stays the same can be confusing for some students.  The concepts behind these facts are best developed through using story problems.  Please, avoid using the “rules” – your saying to the students “Any number multiplied by 1 stays the same” and/or “Any number multiplied by 0 is always 0” is meaningless.  If they develop those rules, they will come closer to remember them.
Multiplying by Fives

Most students can quickly skip-count by fives.  Help them to connect this skill with multiplying by five by asking them to build several problems that have 5 as one (or both) of the factors – you can use containers and cubes, the area model, the array model, etc.  Ask them then to tell you how many counters there are and how can they “quick count” them. 

The clock is another tool to use for the five facts.  When the minute hand points to a number, it tells how many minutes after the hour it is.  There is a large clock in the notebook and a page of smaller clocks on the CD.

Multiplying by Ten

Skip counting by tens will give a student the tens facts if they see the relationship between skip counting and multiplication.  Multiplying by 10 is a powerful concept – we want every student to be able to quickly multiply any number by ten.  PLEASE don’t use the rule – to multiply by ten just add a zero to the end of the number – this is a band-aid fix for whole numbers that leads to misconceptions – it will show up later when student are asked to multiply number such as 12.34 x 10!

Multiplying by Nine

Have the students build and write the nines multiplication table.

9 x 0 =   0

9 x 1 =   9

9 x 2 = 18

9 x 3 = 27

9 x 4 = 36

9 x 5 = 45

9 x 6 = 54

9 x 7 = 63

9 x 8 = 72

9 x 9 = 81

Ask them to look especially at the problems where the second factor is 2 – 9  for patterns.  “Is there a pattern in the tens place?  How is the tens place number related to the other factor?”  When they see that patterns ask them to identify what the tens place number will be for some random problems: “What are the tens place number for 6 x 9?  How about 9 x 3?”  When they are comfortable with this, ask them to look for a relationship between the tens place digit and the ones place digit.  This method of multiplying by nine helps a lot of students learn the nines facts.

A second strategy for multiplying by nine involves thinking of 9 as (10 – 1) and applying the distribute property.  For example: 7 x 9 can be thought of as 7 x 10 – 7 x 1 or 7 x 10 – 7 and 6 x 9 can be thought of as 6 x 10 – 6 x 1 or 6 x 10 – 6.  This strategy is very helpful later on when we want students to work on some of the other multiplication facts.  It can also be used to multiply larger numbers that involves repeated nines: 6 x 99 is 6 x 100 – 6 x 1 and 7 x 999 is 7 x 1000 – 7 x 1.

A third strategy for multiplying by nines is using “finger math”.


Place both hands palm down in front of you.


Starting with your left pinkie, number your fingers (and thumb) 1, 2, 3 … 10.

If you want to multiply 9 x 4, turn the fourth finger down.



The fingers to the left of the turned-down finger represent the tens place digit and the fingers to the right represent the ones digit.
Other Multiplication Facts

All of the other multiplication facts can be built around knowing the facts for 0, 1, 2, 5, 10 (we just put the 9’s in for fun and because they have such great patterns!)

For example, let’s look at the 7’s.  How can I get the product of 7 x 8 if I don’t know my 7’s or 8’s?
Give the students a sheet of grid paper, some crayons, and scissors.  Ask them to draw and color a 5 by 8 rectangle; write both multiplication problems 5 x 8 over the grids; then cut it out.  Now ask them to draw and color (using a different color) a 2 by 8 rectangle.  Again have them write 2 x 8 over the grids and cut out this rectangle.  Their next job is to tape the two rectangles together to form a new rectangle.  Ask them, “What are the dimensions of the new rectangle (7 x 8 or 8 x 7)?”  Ask them to write these problems on the opposite side (no grid marks) of the new rectangle.  “What’s the product of 7 x 8 or 8 x 7?  How can you use the 2 rectangles to figure out the product?”
All of the 7’s can be quickly figured out is students know their 5’s and 2’s!

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	


What facts can you use to get the 3’s?

4’s?

6’s?

8’s?
Just for Fun – Finger Math for Sixes through Tens

Place both hands palm down in front of you.

Starting with each thumb, number your thumb and fingers 6, 7, 8, 9, 10







Example: 8 x 9

Fold down the fingers 6, 7, 8 on one hand and fingers 6, 7, 8, 9 on the other hand.



All the fingers that are folded down get multiplied by ten 

(7 x 10).  The fingers that are not folded are multiplied together (2 x 1).  The product of 8 x 9 is 7 x 10 + 2 x 1.
Try these:
8 x 7



7 x 6



6 x 9

24


6





2 x 5


5 x 2





2





10





5 x 8








2 x 8








8





7





9





7





10
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10
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